Abstract. Henselian elements are roots of polynomials which satisfy the conditions of Hensel's Lemma. In this paper we prove that for a finite field extension (F |L, v), if F is contained in the absolute inertia field of L, then the valuation ring O F of (F, v) is generated as an O L -algebra by henselian elements. Moreover, we give a list of equivalent conditions under which O F is generated over O L by finitely many henselian elements. We prove that if the chain of prime ideals of O L is well-ordered, then these conditions are satisfied. We give an example of a finite valued inertial extension (F |L, v) for which O F is not a finitely generated O L -algebra. We also present a theorem that relates the problem of local uniformization with the theory of henselian elements.
Introduction
For an extension A ⊆ B of rings with unity, an element b ∈ B is called a henselian element over A if there exists a polynomial h(X) ∈ A[X] (not necessarily monic) such that h(b) = 0 and h ′ (b) is a unit of B. In this case, h is called a henselian polynomial for b. Henselian elements play an important role, implicitly or explicitly, in many problems of valuation theory. The notion of "étale extension" is closely related to the concept of henselian elements.
The problem of local uniformization for a valued function field (F |K, v) turns out to be close to the problem of elimination of ramification. The valued function field (F |K, v) is said to admit local uniformization if for every finite set Z ⊆ O F there exists an affine model V of (F |K, v) such that the center p of v on V is a regular point and Z ⊆ O V,p . Elimination of ramification asks whether there exists a transcendence basis T of F |K such that F lies in the "absolute inertia field" L i of L = K(T ) with respect to some extension of v to the separable-algebraic closure of F (see Definition 3.1).
A possible approach for local uniformization is to prove that the valued function field (F |K, v) admits elimination of ramification with a transcendence basis T for which the valued rational function field (L|K, v) admits local uniformization. Then in order to find a model V of (F |K, v) we can find a convenient model V ′ of (L|K, v) and extend it via the inertial extension F |L. The set Z appearing in the definition of local uniformization plays an essential role in this task. This is because, when finding the model V ′ , we can require that not only elements obtained from the original set Z, but also elements needed to generate the extension F |L belong to O V ′ ,p ′ (p ′ being the center of v on V ′ ). Using this approach, Knaf and the first author proved that every "Abhyankar valuation" admits local uniformization (see [7] ) and that every valuation admits local uniformization in a finite separable extension of the function field (see [8] ). Here, we use this approach to prove our Theorem 1.8 (and consequently, also Theorem 1.9) below.
Since an algebra essentially generated by henselian elements over a regular ring is regular (see Proposition 4.1), it is important to answer the following: Problem 1.1. Take a valued field extension (F |L, v) such that the field F lies in the absolute inertia field (L i , v) of L and [F : L] < ∞ (for short we will call this a finite valued inertial extension). Can we find a generator of F over L which is a henselian element? If that is the case, what can be said about the valuation rings? For instance, is O F generated as an O L -algebra by henselian elements?
In slightly different terms, these questions were posted by the first author on "The Valuation Theory Home Page" in form of conjectures (see [9] ). On the same web page, Roquette and van den Dries (see [13] and [14] ) gave interesting answers to these problems. A part of this paper is dedicated to summarize those answers and extend them to more general settings.
For a field L, we will denote by L sep its separable-algebraic closure, and byL its algebraic closure. We are interested in working with a finite valued inertial extension (F |L, v), but some of our results work for the following more general case: 
The next theorem was proved by the first author in [9] for the valuative case, i.e., when B = O F and A = O L for a finite valued inertial extension (F |L, v). Theorem 1.2. Assume the situation described in (1). Then there is η ∈ B such that F = L(η), the (monic) minimal polynomial h(X) of η over L lies in A[X] and η and h ′ (η) are units in B. In particular, η is a henselian element over A.
For applications, for instance to the local uniformization problem, it is important to know whether for a finitely generated A-algebra R lying in B there exists a unit u of B in A[η] such that R ⊆ A[η, 1/u]. Our next theorem answers this question to the affirmative. It was proved originally by van den Dries in [14] for the valuative case; our proof for the general case is a straightforward adaptation. Another important question is whether we can replace the element 1/u obtained in Theorem 1.3 by henselian elements. This was answered by Roquette in [13] for the valuative case: Theorem 1.4. With assumptions and notations as in Theorem 1.2 and the extra assumption that A is a valuation ring we have that for every element b ∈ B there exist henselian elements r, s ∈ B such that b ∈ A[η, r, s].
A natural question is whether the elements η, r, s can be chosen independently of the element b ∈ B, in particular, is B a finitely generated A-algebra? We show that this is not always true, even for the valuative case. Namely, we prove the following:
The next theorem gives a list of equivalent conditions under which O F is a finitely generated O L -algebra. Theorem 1.6. Let (F |L, v) be a finite inertial extension. Let η be the element obtained in Theorem 1.2. We set n := m F ∩ O L [η] . Then the following conditions are equivalent:
For the proof of this theorem we need the fact that Spec(O L [η]) consists of finitely many chains of prime ideals, which we prove in Proposition 2.6. The assertion of that proposition holds more generally; a criterion for the spectrum of an integral extension S of an integrally closed domain R to consist of finitely many chains of prime ideals is given in the appendix.
In the next theorem, we give a valuation theoretical condition on the valued field (L, v) which implies the above conditions. Theorem 1.7. Let (F |L, v) be a finite valued inertial extension. Assume also that the chain of prime ideals of O L is well-ordered by inclusion. Then the equivalent conditions (i) -(v) of Theorem 1.6 are satisfied. Theorem 1.7 is a generalization of part (3) in the main proposition of [14] . There, van den Dries establishes the result when the chain of prime ideals of O L is finite.
The following theorem relates the local uniformization problem with the theory of henselian elements. Theorem 1.8. Let (F |K, v) be a valued function field such that v is trivial on K. Assume that for every finite set Z ⊆ O F there exists a transcendence basis T of F |K and elements η 1 , . . . , η r ∈ O F which are henselian over
As a consequence of the theorems above we obtain the following: Theorem 1.9. Let (F |K, v) be a valued function field such that v is trivial on K.
Assume that there exists a transcendence basis T of F |K such that (K(T )|K, v) admits local uniformization and
In [8] , Knaf and the first author proved a version of Theorem 1.9 without assuming that v is trivial on K. They use the theory of localétale extensions and classical results from algebraic geometry. The advantage of our proof is that it is simpler and uses only tools from valuation theory. The case where v is not trivial on K will be treated in a subsequent paper.
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Preliminaries
We will assume that the reader is familiar with basic facts about valuations and will use them without further reference. For general valuation theory we recommend [3] , [16] and [10] , and for basic commutative algebra we suggest [2] and [12] .
Let (F, v) be a valued field and consider a prime ideal p of O F . Then the set ∆ p := {γ ∈ vF | −va < γ < va for all a ∈ p} is a convex subgroup of vF . Define the valuation v p :
where π ∆p is the canonical projection of vF onto vF/∆ p . We also define the valuation
and the valuations v and v p • v p are equivalent, so we identify them.
Take a field F , a valuation v on F and a ring R ⊆ F with F = Quot(R). The valuation v is said to have a center on R if R ⊆ O v , i.e., if v(φ) ≥ 0 for every φ ∈ R. The center p of v on R is defined by
If R is a local ring with maximal ideal m, then a valuation on F is said to be centered at R if m is the center of v on R (i.e., (R, m) is dominated by (O v , m v )). It is easy to see that if R is any ring with R ⊆ O v ⊆ F and F = Quot(R), then v is centered at R p .
For a valued field (F, v) and any subfield L of F we write
A valued field extension (F |L, v) is a field extension F |L together with a valuation on F . If the extension F |K is an algebraic function field, then (F |K, v) is called a valued function field. We will prove now some basic lemmas which will be used in the sequel.
Lemma 2.1. Let R be a commutative ring and take elements f, g ∈ R. Assume that f n / ∈ gR for every n ∈ N. Then there exists a prime ideal q of R such that g ∈ q and f n / ∈ q for every n ∈ N. In particular, for every non-nilpotent element f of R there exists a prime ideal q of R such that f / ∈ q.
Proof. Define the set S = {I ⊆ R | I is an ideal of R, g ∈ I and I ∩ {f n | n ∈ N} = ∅}.
By our assumption on f and g, we have that gR ∈ S. One can prove that the union over any chain of elements in S belongs to S. Thus, we can apply Zorn's Lemma to obtain a maximal element q for S. We claim that q is a prime ideal. Otherwise, there would exist elements α, β ∈ R \ q such that α · β ∈ q. By the maximality of q in S, we have that
Thus, f n = p + αr and f m = q + βs for some p, q ∈ q, r, s ∈ R and m, n ∈ N. This means that
which is a contradiction to q ∈ S.
For the last statement, we just apply the previous part for g = 0.
Lemma 2.2. Let R be a domain, p a prime ideal and φ an element of R such that φ / ∈ p. Then R φ = R p (as subsets of Quot(R)) if and only if φ ∈ q for every prime ideal q of R such that q ⊆ p.
Proof. First observe that if φ does not belong to a prime ideal q, then R φ ⊆ R q . Indeed, take an element x ∈ R φ . Then x = f /φ n for some f ∈ R and n ∈ N. Since φ / ∈ q and q is a prime ideal we have that φ n / ∈ q. Therefore, x ∈ R q . Assume that R φ = R p and take a prime ideal q such that q ⊆ p. This implies that R φ = R p ⊆ R q . Therefore, by the previous paragraph, we must have that φ ∈ q.
For the converse, assume that φ belongs to every prime ideal of R not contained in p. By the first paragraph and our assumption that φ / ∈ p we have that R φ ⊆ R p . Now take an x ∈ R p . This means that x = f /g for some f, g ∈ R and g / ∈ p. If there exists ψ ∈ R and n ∈ N such that g · ψ = φ n , then
Suppose that such ψ and n do not exist. Then gR ∩ {φ n | n ∈ N} = ∅. Applying Lemma 2.1 with φ = f , we obtain a prime ideal q such that g ∈ q (and hence q ⊆ p) and φ / ∈ q. This is a contradiction to our assumption on φ.
Lemma 2.3. Let m be a maximal ideal of a domain R. If S is a local ring such that
Proof. Take an element x ∈ Quot(R) such that x ∈ R m . Then x = f /g with f, g ∈ R and g / ∈ m. Since m is maximal and g / ∈ m we have that the ideal generated by g and m is the whole of R. Thus there exist a ∈ R and b ∈ m such that 1 = ag + b. Let m S be the unique maximal ideal of S. Since mR m ∩ S is an ideal of S we must have that mR m ∩ S ⊆ m S , hence b ∈ m S . This implies that 1 − b is a unit of S and since ag = 1 − b we have that 1/g = a/(1 − b) ∈ S. Therefore, x ∈ S and S = R m .
The following is Lemma 12.5.17 in [15] ; for the convenience of the reader we will include its proof here.
Lemma 2.4. Let R be an integrally closed domain with fraction field L. Let F |L be a finite separable extension and denote by R * the integral closure of R in F . Take x ∈ R * such that F = L(x) (note that every generator of F over L can be multiplied by a suitable element of R to obtain a generator that lies in R * ). Then
where we assume that σ 1 = id. Then we have that
Since x ∈ R * , we know that σ i (x) belongs to the integral closure of R in L for 1 ≤ i ≤ k. This means that every coefficient of f is integral over R and since R is integrally closed we have that f (X) ∈ R[X].
Define now
We shall prove that
Since
, using Gauss' Lemma we obtain that all coefficients of g 1 must belong to O. Hence, every coefficient of
Since each coefficient of b·f ′ (x) is the trace of some element in F they all belong to L. On the other hand, they are integral over R, hence they belong to R. Thus b·f
We will need the following lemma, which is part (iii) of Theorem 9.3 in [12] .
Lemma 2.5. Let A be an integrally closed domain with L as its field of fractions, F |L a normal algebraic extension, and B the integral closure of A in F . If p is any prime ideal of A, then all ideals of B lying over p are conjugate.
A domain R is called a Prüfer domain if the localization of R at any prime ideal of R is a valuation ring. Proposition 2.6. Let F |L be a finite Galois extension of fields and R a valuation ring of L. Let R * be the integral closure of R in F . Then for every ring S such that R ⊆ S ⊆ R * , the set Spec(S) of prime ideals of S consists of finitely many chains.
Proof. Lemma 2.5 shows that R * is a semi-local ring, i.e., it has only finitely many maximal ideals. On the other hand, since R is a Prüfer domain, also R * is a Prüfer domain (see Theorem 1.2 of [4] ). This means that for each maximal ideal m * of R * the ring R * m * is a valuation ring. Hence, Spec(R * m * ) is a chain. Since there is an order preserving bijection between the prime ideals of R * m * and the prime ideals of R * contained in m * we conclude that the elements of Spec(R * ) contained in m * form a chain. Therefore, Spec(R * ) consists of finitely many chains of prime ideals. By the Lying Over Property for S ⊆ R * we have that Spec(S) = {q∩S | q ∈ Spec(R * )}. Consequently, Spec(S) also consists of finitely many chains of prime ideals.
Proposition 2.7. Take a valuation ring R, f (X) ∈ R[X] a monic polynomial and p a prime ideal of R. Set 
Moreover,
Proof. Consider the map
given by Φ i (g(X) + (f )) = g(X) + (f i ). We will prove that ker(Φ i ) = q i . We have that
Since R/p is a GCD domain, so is R/p[X] (see Theorem 14.5 of [5] ). Consequently, since f i is irreducible over R/p[X], we have that f i is prime in R/p[X]. Hence, (f i ) is a prime ideal of R/p[X] and thus R/p[X]/(f i ) is a domain. Also, since Φ i is surjective we conclude that q i is a prime ideal.
∈ q i . Therefore, q i = q j . It remains to prove that every prime ideal q ′ of R[x] lying over p is of the form
Henselian Elements
Let (A, m A ) be an integrally closed local domain with quotient field L. Fix a maximal ideal m of the integral closure
Definition 3.1. We define the henselization of L with respect to m as the subfield of L sep consisting of all elements fixed by the group
We also define the absolute inertia field of L with respect to m as the subfield of L sep consisting of all elements fixed by the group
As m is fixed and there is no danger of confusion, we will denote the above henselization by L h and the above absolute inertia field by In what follows, fix a finite extension F of L lying in the absolute inertia field of L with respect to m. Let F ′ ⊆ L sep be the normal hull of F . We set
In view of Lemma 2.5, the maximal ideals of A ′ are precisely m 
Proof. From the third assertion in Proposition 1.49 of [1] we infer that 
h is an inertial extension of henselian fields, the restrictions of and must consequently coincide on F.L h with σ j for some j ∈ {1, . . . , k}. It follows that σ coincides with σ j on F . This proves our claim. Remark 3.4. The assumption that A is a valuation ring means that we are restricted to the valuative case, i.e., A = O L and B = O F for a finite inertial extension (F |L, v) (and F ′ being the normal hull of F in L sep ). In that case, the assumption that either σz ∈ m B ′ or (σz) −1 ∈ m B ′ is equivalent to saying that σz is not a unit of B ′ .
Proof of Lemma 3.3. Let σ 1 , . . . , σ n be all the embeddings of F in L sep and assume without loss of generality that σ 1 , . . . , σ k are the embeddings appearing in Lemma 3.2,
In case (i), we have that r = n, and hence all the coefficients of h 0 belong to
where g(X) is the minimal polynomial of ϑ over A/m A . Since ϑ is nonzero, the polynomials g(X) and X are coprime and hence z + m B = ϑ is a simple root of
. This means that h ′ 0 (z) is a unit of B ′ , and as it belongs to B, it is also a unit of B.
In case (ii), we can divide h 0 by a suitable coefficient to obtain an A-primitive polynomial h(X) ∈ L[X], i.e., a polynomial having all coefficients in A and at least one of its coefficients being a unit of A. Consider
which is obtained by dividing h 0 (X) by the factor l σ l z ∈ L. The polynomials h and h 1 differ by a constant factor d ∈ L and since both are B ′ -primitive we have that d is a unit of B ′ . Thus,
and consequently,
Reasoning as in case (i) we conclude that z is a henselian element over A.
We will prove now our main theorems.
Proof of Theorem 1.2. Let ϑ be a generator of the separable extension B/m B |A/m A . Since A * /m = B/m B we can employ the Chinese Remainder Theorem to find an element η ∈ A * such that η + m B = ϑ and η ∈ m σ for every σ ∈ Gal(F ′ |L) such that m σ = m (we can do that because m σ is a maximal ideal of A * for every
Applying part (i) of Lemma 3.3 we obtain that η is a henselian element over A with henselian polynomial
It remains to prove that F = L(η), i.e., that the polynomial h(X) is irreducible (and is hence the minimal polynomial of η). It is enough to prove that σ i η = η for 1 ≤ i ≤ n. From the separability of B/m B |A/m A we have that for 1 ≤ i ≤ k, σ i (ϑ) = ϑ, hence σ i (η) = η. For i > k we have that
Proof of Theorem 1.3. Set n = m B ∩ A[η] and let h(X) ∈ A[X] be the monic polynomial constructed in the proof of Lemma 3.3. Using Lemma 2.4 for the first inclusion, we obtain that
Hence, by Lemma 2.3 we have that
Take any finite set Z = {f 1 , . . . , f r } ⊆ B. For every
we obtain that Z ⊆ A[η, 1/u]. As a product of the units b i , also u is a unit of B.
In order to prove Theorem 1.4 we will need the following: is also henselian over A.
Proof. Let h(X) ∈ A[X] be a henselian polynomial for b. Define the polynomial
where n = deg h.
and hence g 
for some henselian elements r and s.
Employing the Chinese Remainder Theorem (see Theorem 6.60 of [10] ), we find an element c ∈ O F with the following properties:
for all w ∈ W . Then the element r = b ′ c has the following properties:
and hence w(r) = 0 for every w ∈ W . According to part (ii) of Lemma 3.3, r is a henselian element. On the other hand, the element rc has the same above properties, so it is also henselian. Since v(rc) = 0 we can apply Lemma 3.5 to obtain that s := (rc) −1 is also a henselian element. Therefore,
as required.
Proof of Theorem 1.6. 
and consequently, equality holds everywhere.
(ii) =⇒ (iii): Just apply Theorem 1.4 to the element a = 1/u. 
Hence, for each i there exits an element u i ∈ O L [η] \ n such that u i ∈ q i,λi for every λ i ∈ Λ i with q i,λi ⊆ n. Take u to be the product of these u i 's. Then u belongs to every prime ideal of O L [η] not contained in n. Since n is the set of elements of O L [η] which are not units of O F and u / ∈ n, we obtain that u is a unit of O F . Therefore, (iv) holds.
In order to prove Theorem 1.5 we will need the following result, which is Proposition 4 of [11] .
and η and h ′ (η) are units in O F . Moreover, from the construction of h in the proof of Theorem 1.2 we have that
where g(X) is the separable minimal polynomial of a generator ϑ of F v over Lv.
Proof. By the assumption on the valued field (F, v) we have that (Lv p , v p ) is henselian. Since X and g(X) are coprime, we can infer from part (3) of Theorem 4.1.3 of [3] that there exist polynomials
This proves our Claim.
is irreducible and divides the reduction F of F . By Proposition 2.7 we get that q = (p,
r for some r, 1 ≤ r ≤ l. This means that f (η)v = f v(ηv) = ϑ r = 0 and hence f (η) / ∈ n. Therefore, q ⊆ n. Suppose towards a contradiction that O F is a finitely generated O L -algebra. From Proposition 2.6, Spec(O L [η]) consists of finitely many chains of prime ideals,
For each chain (q i,λi ) λi∈Λi , if q i,λi ⊆ n for some λ i ∈ Λ i we set
By Theorem 1.6, q i ⊆ n and in particular,
, so p i0 = (0). Hence, for every prime ideal p of O L such that (0) p p i0 (which exists because of our assumption on the value group of (L, v)) and every prime ideal q of O L [η] lying over p we have that q ⊆ n. This is a contradiction to the conclusion of the previous paragraph.
Proof of Theorem 1.7. Take any chain (q λ ) λ∈Λ of prime ideals of O L [η] such that q λ ⊆ n for every λ ∈ Λ. Observe that Λ can be seen as a subset of the indexing set
by the incomparability property we have that p λ1 = p λ2 . Since the prime ideals of O L are well-ordered by inclusion the set Λ has a minimum λ 0 . This means that λ∈Λ p λ = p λ0 ⊆ n which proves that the condition (v) of Theorem 1.6 holds.
Local Uniformization
The next proposition is essential for the proof of Theorem 1.8. 
is also regular.
To prove Proposition 4.1 we will need the a few basic results. A ring R is said to be reduced if it has no nonzero nilpotent elements. Proof. It is enough to prove that m = {0}. Take f ∈ m and suppose that f is not nilpotent. By Lemma 2.1, there exists a prime ideal q of R such that f / ∈ q. Since f ∈ m \ q we obtain that (0) ⊆ q m which is impossible because R is zerodimensional. Therefore, every element of m is nilpotent and since R is reduced, we obtain that m = {0}. Lemma 4.3. Let R and S be two rings and φ : R −→ S be a surjective ring homomorphism. If p is a prime ideal of R containing ker(φ), then φ(p) is a prime ideal of S and φ induces a surjective ring homomorphism Φ :
∈ p and a ∈ ker(φ)}.
Proof. The fact that ker(φ) ⊆ p yields that φ(R\p) = S \φ(p). Indeed, the inclusion S \ φ(p) ⊆ φ(R \ p) follows from φ being surjective. To prove the other inclusion, take an element a ∈ R \ p. For any element b ∈ R with φ(b) = φ(a) we have that a − b ∈ ker(φ) ⊆ p. Hence, b / ∈ p and consequently, φ(a) / ∈ φ(p). The image of any ideal under a surjective ring homomorphism is an ideal. Take elements
To prove that Φ is well-defined, we take two pairs (a, b),
. Also, since φ is surjective, so is Φ.
If a ∈ ker(φ), then Φ(a/b) = φ(a)/φ(b) = 0 for every b / ∈ p. On the other hand,
..,ηs] for 1 ≤ s ≤ r and
it is enough to prove our proposition for r = 1. For this case we denote η 1 = η,
We claim that dim(R) = dim(R ′ ). Indeed, since R[η] is integral over R, for every proper chain of prime ideals C of R there exists a proper chain of prime ideals C η of R 
. Since R is regular, its maximal ideal m is generated by d = dim(R) many elements. We want to prove that also the maximal ideal m ′ of R ′ is generated by d many elements. To do this, it is sufficient to show that m ′ is generated by the same generators as m, i.e., that m ′ = mR ′ . We have to prove that mR ′ is a maximal ideal, or, equivalently, that R ′ /mR ′ is a field. Consider the canonical surjective homomorphism
where g(X) denotes the polynomial in R/m[X] obtained from g(X) ∈ R[X] by reduction of its coefficients modulo m. Consider the ideal q = {g(X)
. By Lemma 4.3, q is a prime ideal and ψ induces a surjective homomorphism
Take α ∈ ker(Ψ) and write α = f (η)/g(η) as in the description of this kernel. Then
We have to prove that
is an integral extension of a field, it is zero-dimensional. Hence, K is also zerodimensional. On the other hand, K is a local ring and thus, by use of Lemma 4.2, it remains to show that K is reduced.
Since h(η) = 0 we can write h(X) = (X − η)t(X) for some t(X) ∈ R[X]. This means that h(X) = (X − η)t(X) + l(X) for some l(X) ∈ mR[X]. Then h ′ (η) = t(η) + l ′ (η) and since v(h ′ (η)) = 0 we obtain that v(t(η)) = 0. Hence, t(X) + (h(X)) / ∈ q. Take an element f (X) ∈ R[X] and assume that f n (X) + (h(X)) = 0 for some n ∈ N. This implies that h(X) divides f n (X) and since X − η divides h(X) we obtain that f (X) = (X − η)q(X) for some q(X) ∈ R[X]. Thus, t(X)f (X) = (X − η)t(X)q(X) = h(X)q(X), and hence t(X)f (X) + (h(X)) = 0. Take now α = f (X) + (h(X)) / g(X) + (h(X)) ∈ K such that α n = 0 for some n ∈ N. Let us prove that α = 0. By definition of localization, there exists t 1 (X) + (h(X)) / ∈ q such that t 1 (X)f n (X) + (h(X)) = 0. Then t 1 (X)f (X) n + (h(X)) = 0 and by the last paragraph, we obtain that t(X)t 1 (X)f (X)+(h(X)) = 0.
Since t(X)t 1 (X) + (h(X)) / ∈ q we conclude, by definition of localization, that α = 0 in K. Therefore, K is reduced, which concludes our proof. Appendix: Spectra consisting of a finite number of chains
Hagen Knaf
Let R be a commutative ring with 1. A subset C ⊆ Spec (R) totally ordered with respect to inclusion is called a chain. For a ring extension R ⊆ S and a chain C ⊆ Spec (S) the chain {P ∩ R | P ∈ C} ⊆ Spec (R) is denoted by C ∩ R.
The purpose of this note is to provide a proof of the following result:
Theorem 5.1. Let R ⊆ S be an integral extension of domains such that the corresponding extension K ⊆ L of fraction fields is finite, and assume that R is integrally closed. If Spec (R) is the union of finitely many chains, then the same is true for Spec (S).
It can be derived from the following result of Kang and Oh, [6] :
Theorem 5.2. Let R be a domain with field of fractions K. For every chain C ⊆ Spec (R) there exists a valuation ring O ⊇ R of K and a chain C O ⊆ Spec (O) such that C O ∩ R = C.
